Abstract. We consider the problem of how the nilpotency class of a finite p-group can be bounded in terms of the maximum length of the conjugacy classes of (cyclic) subgroups. We sharpen some previously known bounds and also prove that a p-group in which every cyclic subgroup has at most p 2 conjugates has class at most 4.
Our main concern is with the nilpotency class of groups with small c-or s-breadth. It is almost immediate that p-groups of c-breadth at most 1 have class at most 3; our main result (see Section 2) is that p-groups of c-breadth 2 have class at most 4. It might be that c ≤ 2 + sbr(G) for every finite p-group G, where c still denotes the class of G. The counterexamples in [4] and [3] show that the same result is generally false if sbr(G) is replaced by cbr(G).
A final remark is that our results are stated for finite p-groups, but every p-group with finite c-breadth (with the obvious meaning) is an FC-group (by a well-known theorem of B.H. Neumann [14] it actually has finite derived subgroup, and the size of the latter is bounded in terms of the breadth and hence of the c-breadth, see [18] ) and so our results immediately extend to infinite groups.
General results and preliminary lemmas
We shall make use of some known results relating (element) breadth and nilpotency class of finite p-groups: Lemma 1.1. Let G be a finite p-group of breadth b and nilpotency class c. Then:
(i) (see [5] ) c < 1 + (pb − 1)/(p − 1); (ii) (see [1] ) if p = 2 then c ≤ 1 + (5b/3); (iii) (see [8, 9, 12] ) if b ≤ 4 or G is metabelian then c ≤ b + 1; (iv) (see [7] ) b = 1 if and only if |G ′ | = p; (v) (see [6, 10, 15] ) b = 2 if and only if either |G ′ | = p 2 or |G ′ | = |G/Z(G)| = p 3 .
Lemma 1.2 ([8]
; see [13] for a generalization). Let G be a finite p-group generated by elements of breadth at most 2. Then the nilpotency class of G is at most 3.
It is proved in [17] that if G is a finite p-group and n is an integer greater than 1 such that the elements of G of breadth at least n generate a proper subgroup then br(G) ≤ 2n − 3. In the special case when n = 2 this gives: Lemma 1.3. Let G be a p-group, and assume that the elements of breadth greater than 1 in G generate a proper subgroup of G. Then br(G) ≤ 1.
Groups with s-breadth (or, equivalently, c-breadth) 0 are nothing other than Dedekind groups, hence abelian if p > 2, of class at most 2 if p = 2. As stated in the introduction, it is very easy to prove that finite p-groups with c-breadth 1 must have class 3 at most. Proposition 1.4. Let G be a finite p-group. If cbr(G) = 1 then the nilpotency class of G is at most 3.
Proof. That cbr(G) ≤ 1 means that all normalizers of cyclic subgroups of G are either G itself or maximal in it, hence the Frattini subgroup is contained in the kern of G and hence in Z 2 (G) (see, [16, 2] ; recall that the kern, or norm, of a group is the intersection of all subgroup normalizers). This proves the result.
At least when the prime p is odd, p-groups G of c-breadth 1 are very close to having class 2: for instance, from the upcoming Proposition 1.8 and from Lemma 1.1 (v) it follows that G ′ has order at most p modulo Z(G) in this case. Nonetheless, for every prime, it is possible for the nilpotency class to equal 3, so the bound in Proposition 1.4 is sharp, even with reference to the s-breadth. In fact, the generalized quaternion group of order 16 and the groups a, b, c a
all have (order p 4 , for the appropriate prime p and) class 3 and s-breadth 1, as they have kern equal to the Frattini subgroup and of index p 2 . For p-groups G with c-breadth s > 1 the analogue of the argument in Proposition 1.4 is obtained by looking at the actions of G on each conjugacy class of cyclic subgroups, which has size at most p s . For every cyclic subgroup
is isomorphic to a p-subgroup of the symmetric group of degree p s , hence G/K G (H) can be embedded in a Sylow p-subgroup of S p s , which is isomorphic to the s-fold iterated wreath product of groups of order p. Now the kern K(G) is the intersection of all such subgroups K G (H). We draw two conclusions; the first settles the case 'p = 2' of the problem that we are mainly interested in: bounding the class of p-groups of c-breadth 2. The bound is sharp, as is shown by the example of the generalized quaternion group of order 32.
Lemma 1.5. Every finite 2-group of c-breadth 2 has nilpotency class at most 4.
Proof. If p = 2 = s then all the quotients G/K G (H) in the previous discussion embed in the wreath product of two groups of order two, hence
Proof. By the above remarks, G
. Therefore, for every g ∈ G, the element g p s acts by conjugation on G by means of a power automorphism. Suppose that G is regular, so that all power automorphisms of G are universal (see [2] ), and let x be an element of G of maximal order. Then x p s induces a universal power automorphism of G centralizing x, which has order exp G, therefore x For odd primes, a special case of interest that can be easily dealt with is that of metacyclic groups.
Lemma 1.7. Let G be a metacyclic p-group of breadth b and c-breadth s. Then sbr(G) = s and p b = |G ′ |; moreover:
Proof. Since every subgroup of G is cyclic modulo its normal core we easily have that sbr(G) = s ≤ b. Let G = x y , and suppose that 
Henceforth we may assume that |D| > 2 and G is not abelian. Then x y = x n where n is an integer such that n ≡ 1 (mod 4). This latter congruence implies that the order of n modulo •(x) is exactly •(x)/n, wheren is the maximal power of 2 dividing n − 1. It follows that
, and let q = |G/ x |. Then (G ′ ) q = 1; moreover y q x tq = 1 for some integer t, and since G ′ ≤ x , standard commutator collection yields:
For every integer i such that 1
, while q i+1 is divisible by q/r, where r is the largest power of 2 dividing i + 1. If i = 1 then r = 2. If i > 1 then r divides 2
. It follows that y ′ := yx t has order 2q at most, so that G = x y ′ and | x ∩ y ′ | ≤ 2. Thus the proof is completed, if •(x) ≥ •(y), by reduction to the previous case. Therefore we may assume that •(x) < •(y). There exists a power y 1 of y which has the same order as x. By applying the previous argument to y 1 in the place of y we obtain that | x ∩ g | ≤ 2, where g = y 1 x t for a suitable odd integer t.
It actually happens that s = b − 1 in the case of (generalized) quaternion groups. This latter result improves on the bound b ≤ 3s obtained by Mann [13] and quoted in the introduction. From Proposition 1.8 and from parts (i) and (ii) of Lemma 1.1 we can deduce a general bound for the nilpotency class of p-groups in terms of their c-breadths. For a further observation on Proposition 1.8 see the closing Remark 2.3. It is clear that every improvement on the bound in Lemma 1.1 (i) immediately yields an improvement on that in Theorem 1.9. In several special cases (among which are those in Lemma 1.1) it is known that the class of a p-group G is bounded by br(G) + 1; when this happens the class of G will be at most 2s + 1 if p > 2, or 2s + 2 if p = 2, where s = cbr(G).
The following lemmas play a role in the proof in the next section. Although elementary, Lemma 1.11 could be of some independent interest and therefore we state it in a slightly more general form than strictly needed. Lemma 1.10. Let G be a finite p-group with c-breadth s > 0, and let T be a subgroup of G such that sbr G (T ) = s and T /T G is cyclic. If S is the maximal subgroup of T containing T G then, for every subgroup H of T not contained in S, we have N G (H) = N G (T ) and, in particular, H ⊳ T .
Proof. If H ≤ T and H S then H = H S . For every h ∈ H S we have T = h T G and hence
| is the maximal possible index for the normalizer of a cyclic subgroup in G, hence
Lemma 1.11. Let T be a finite nonabelian p-group having a maximal subgroup S such that all subgroups of T not contained in S are normal in T . Then T has nilpotency class 2 and T ′ is cyclic. Moreover, if p > 2 there exists x ∈ T S such that •(x) = exp T and
Proof. For all x ∈ T S we have x ⊳ T , hence [T ′ , x] = 1. It follows that T has class 2. Arguing by contradiction, assume that T has minimal order subject to T ′ not being cyclic. Since the hypotheses are inherited by quotients modulo proper subgroups of T ′ it follows that T ′ is elementary abelian of rank 2. It follows that br(x) ≤ 1 for every x ∈ T S. By Lemmas 1.3 and 1.1 this implies that |T ′ | = p. This contradiction shows that T ′ must be cyclic. To prove the remaining part of the statement assume that p > 2 and let C/(
p . Then C < T and T 1 := {g ∈ T | •(g) < exp T } is a subgroup, because T has class 2, and T 1 < T . It follows that X := C ∪ T 1 ∪ S = T , as p > 2. Hence we can choose x ∈ T X. Then [x, T ] = T ′ . As x / ∈ S then x ⊳ T , hence [x, T ] ≤ x and x has the required properties. Fix any such x. Then T = T , where T = {t ∈ T | [x, t] = T ′ } is the set of all elements of T that do not centralize x modulo (T ′ ) p . Let t ∈ T and let p α be the order of t modulo x . Then t
) and so (tx −n ) p α = 1. Thus y := tx −n has order p α and
It remains to prove that exp L ≤ q := | x /T ′ |; it will be enough to fix y ∈ L and show that y q = 1. We have |T ′ | ≤ q, because T has class 2, hence (xy) q = x q y q . As xy / ∈ S we have that xy ⊳ T and so [x, y] = [x, xy] ∈ xy . Therefore x q ∈ xy and so y q ∈ xy ; as •(x) ≥ •(y) we have y q ∈ x q , hence y q = 1, as we wanted to prove. Remark 1.12. In the odd-p case the previous lemma actually characterises the groups with the property considered. In fact, let T be any finite p-group of odd order and class 2 that can be factorised as T = x L for some x ∈ T and L ≤ T . If T ′ = x q and L q = 1 for some power q of p, and S = x p L, then every subgroup of T not contained in S contains T ′ ; as a matter of fact it is easy to see that H q = T ′ for all such subgroups. (The case of 2-groups is different, the dihedral group of order 8 being an easy counterexample.) Hence, at least for groups of odd order, the property is equivalent to the apparently stronger requirement that all subgroups of T not contained in S contain T ′ .
We say that a p-group is minimal irregular if all its proper subgroups are regular but it is not itself regular.
Proof. Let a, b ∈ G, and let H = a, a b . Then H < G and so H is regular. Therefore
for some c ∈ H ′ , and the result follows.
Lemma 1.14. Let G be a torsion nilpotent 4-Engel group of class 5 with no element of order 2.
For all integers i we have
By considering the choices 1 and −1 for i it is easy to deduce that
and hence the result, because G has no elements of order 2.
Clearly the lemma holds under more general hypotheses. Rather than asking that G be periodic and not involve the prime 2 it is enough to require that γ 5 (G) be a group in which square roots, where they exist, are unique. We will make use of this lemma in a situation when γ 5 (G) has exponent 3 and so the result takes the nicer form 
Groups of c-breadth 2
This section contains the proof our main result: Theorem 2.1. Let G be a finite p-group. If cbr(G) = 2 then the nilpotency class of G is at most 4.
By Lemma 1.5, to prove the theorem we shall only have to consider the case when p > 2. The proof consists in deriving a contradiction from the assumption of the existence of a minimal counterexample. So we suppose that there exists a finite p-group G of c-breadth 2 such that all proper subgroups and quotients of G have class at most 4 while G has class 5. To simplify notation we shall write Z for Z(G) and, for all positive integers i, Z i and γ i for Z i (G) and γ i (G) respectively. Every nontrivial normal subgroup of G contains γ 5 , hence Z is cyclic and γ 5 is its socle. Moreover Z 4 = Φ(G), because G has class 5 and so the fact that γ Proof. The statement amounts to saying that our minimal counterexample G must be a 3-group. Suppose that it is not. We shall first show that then G is regular. This is straightforward if p > 5. If p = 5 we can argue as follows. Note first that if G is not regular then it is minimal irregular, given that all proper subgroups (and also quotients) of G have class at most 4. We have to prove that (xy)
5 ≡ x 5 y 5 modulo ( x, y ′ ) 5 for all x, y ∈ G. This is certainly true if x, y < G, as x, y is regular in this case, hence we may assume that G = x, y . For a similar reason (xy) 5 For every x ∈ G we havex p
